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SOME RESULTS ON N-NORMS
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Abstract- In this paper, we introduce some n-norms on a linear space X, induced by n-norms on its dual space X . Also, we
prove their equality. In addition, we prove the equality of two n-norms on a linear space X- one induced by a norm on X and
other induced by an n-norm on X where X is the dual space of X.
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1. INTRODUCTION AND PRELIMINARIES

Let X be a real linear space of dimension greater than 1 and |]...|| be a real valued function on X x X satisfying the
following conditions:

(2N,) llx. vl = 0 iff x and y are linearly dependent.

Ng) Nz, vl = lly. =l

(2N3)  llex, vl = |a|llx. ¥l ¥ x.veX and zeR.

2Ny N+ vzl = eyl + ly. 2l v x.v, zeX.

Then, ||...|| is called a 2-norm on X and (X.ll...1I) is called a linear 2-normed space. 2-norms are non-negative and
lx.y + x|l = llx. ylifor every x. yeX and ceR.

The concept of 2 -normed spaces was initially investigated and developed by S.Géhler in 1960s and has been extensively

developed by Y.J. Cho, C. Diminnie, S.Géhler, A. White and many others [1,2,3,4,8,12].
Let ¥ be a real vector space with dim X =n where n is a positive integer. A real valued function [l.......[I:X" — R is

called an n-norm on X if the following conditions hold:

(1) lxy.xyll= 0iff x,....x, are linearly dependent.

(2) llxy.... x|l remains invariant under permutations of x 4. ... x .

) lexyxp..xyll = lalllxy ... x,ll ¥ xy..x X and acR.

(4) lxg+xpxqxll < lxpx gl + g x % xpxy, o xpeX

The pair (X, II....... I} is called an n-normed space.

Let X be a real vector space with dimX = n and be equipped with an inner product {...}. Then the standard n-norm on X is
given by llx ... x, lls = fdet [{xp 0],

Note that the value of llx,..... x|l ; represents the volume of n-dimensional parallelepiped spanned by ... x;,.

A standard example of n-normed space is X = B" equipped with the Euclidean »n-norm:

X1 " Xyp
lx .., xpllz = abs :
Ent """ Epn

where x; = (x ... x5 )eR™ for each i = 1.2,....n.

If X is an n-normed space with dual X', the following formula formulated by Gahler [2]

flr) - falxs)
Al = fulxn)

Iy, xS = Sup
fiextllflise

defines an n-norm on X.

Let X be a Hilbert space with dual X . Then Gihler’s n-norm on X becomes

Iy, 2= Sup  det [{xpy;)].
YEx -"Ij"gl
Also the function
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{-rj_.-_",l-"j_} " {xl’}"i’!}
I gy 1P = Sup : . :
VXY gl T2

{xw}'l} {xw}’n}
defines an n-norm on a Hilbert space X. If X is a seperable Hilbert space and {e,. e;. ...} is a complete orthonormal set in X,
we can define an n-norm on X as

L
1 z|”
lxy e xylls = ﬂ—z Z |det||:tl-_i- ||
k| in
where a;; = {x;.g;) [3,7].
Further, the function
(xpy) - lepw)
e xy lIF = Su : :
iy bl =t ey ) e )

defines an n1-norm on a Hilbert space X and the function

A - falx)
Alxn) = falen)

defines an =n-norm on a normed space X with dual X [9]. If X is a Hilbert space, |le,...,xﬂl|r becomes

lxgsxnll"=" Sup  det [{x,¥)].
}'J'E}:-"}"l'"=1

Iy .z "= Sup
f}'fx.-llfj”:l

The function
{-1'1:}’1} {ILJJ’n}

Cepyn) = (xgyn)
=

lxy, ., 2, 17 = Sup [10]

Vil oymllF=0 "}"1.4 s ¥
defines an n1-norm on a Hilbert space X and the function
filxs) = falx)

filxn) = fo(xn)
Sup

frer e NN A
defines an n-norm on a normed space X with dual X. On a Hilbert space X with dual X, |lx,....x,/I¥ becomes
filxs) - fulx)
1% = Sup flxn) - filxg)

yjex Iy =0 iy My 1= Ny N
Then, 1w B cs IS T S I S W I DL I and L, I are identical on @ Hilbert space
[11].
Let (X 1]......||} be an n-normed space. The following real valued functions on (¥ 3™ where ¥ = dual of :

flr) = falrs)
Al = fulxn)

| P | L

| P

If. ... £l = Sup

X EX &y sty |21

il

Al = falx)

Flr) o fulr)
G - filx)

flrw) = )

defines m-norms on X and are identical [9,11].

Ify. . fi ||1 = Sup

FEX X gty [[=1

il

If. ...l = Sup

Y xEX ety |20

2. MAIN RESULTS
Let X be a linear space with dim X = n where n is a positive integer and II... ..... [l be an n-norm defined on its dual X .
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PROPOSITION 2.1.  The function llx,.....x,ll; : X" — R given by
flxd) o falx)

lxgsunxplly = Sup filxy) v JulEn)
S T A A

defines an n-norm defined on X.

Proof: (i) x4....x4 are linearly dependent.

= Rows of det [ fi {x[]] are linearly dependent.

& lxpxzxal =0

(i) llx 4. ... 2, |l ; remains invariant under the permutations of x4, % ... X4

(iii) For aeR,
filaxy) - fulax)

lax g, xpll, = Sup filkn) v fa(xn)
FieX il =0 If. £l

A - fulx)
- s ACH IS

Fiex el 20 I, - il

Al - fulx)
Al = foxn)

o

= lal Sup .
fiex el =0 Ife, ... £l
= |I5t|".1'1,...,xﬂ"|:
(iv) For
.ﬁ{xn_‘|‘ xy) j";!{.r,_\_+ x,)
||x,:.+x1,...,_rﬂ||c= Sup filxy) fi"'{xr':]
Fis Xl fy el =0 7. - £l

Ao = fulxo)

ACra) = falen)
S T
= fiex, ||,Elf.;ﬂ =0 Ife, . £l

Al - fulxs)

ACra) = fuli)
S T
+f.-sx'. II;I';IE.,EE =0 T

Therefore, llxg + x o xylly = lxgee 2l + g 2]l . This completes the proof.

PROPOSITION 2.2.  The function llxy....x,ll; + X —= R given by
flxy) o falxd)

Al o Fulea)

Iy, xplly =

Sup
FfieXllfiomfall=1

defines an n-norm on X.

PROPOSITION 2.3. The function llx,....x,ll; * ¥ = R given by
flxy) o falx)
filxn) = falxn)

Iy, xplly = _ Sup
FieXllfy e llz

defines an n-norm on X.

T gaan s XX

THEOREM 2.4. If the dual X of a linear space X is an n-normed space, then the linear space X is also an n-normed space.

Remark: the n-norm of the dual space X always induces an an n-norm on X.
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PROPOSITION 2.5. On a linear space X with its dual X and dimX = n where n is a positive integer, the n-norms II... ..... Il
and Il.. .....ll; are identical.
Proof: Let I[.,..... ]l be an n-norm defined on X". Then

A - fulx)
flry) v fy(en)

Fes ol fiex, ||SfEE;E||'=n I, - £l
and
filxy) = fulxy)
lxy .zl = Sup : : .
feeX lhmfnll=L0f () o ful2g)

Clearly, llx ...z lly = iy 1l
Conversely, define

fi .
i =——=—lllf, .l =0
g E.'ll‘fl.lln‘fr!lll ﬁ f
fi

= ;,’r“ =lf . f Il

Clearly, g;eX foreachi=12,...nand lg,...g,ll = 1.
Now,

AGD - falx)

filxa) v folxa) =']'r31':xr!:] " ¥Gn (Xa)
g, ... el A - £
vgi(x) o vgn(xi)

vgy(x) v van(x)

n

¥

Tﬂl'.:xr!:] T'.E'n'.:xr!:]
If. -
5‘1.':_1'1:] .E‘n':_xj.]

g%} v Gn(xn)
gi(x) - gnlxy)

= Sup : - :
Gi=X [l ggmgnll =1

gy (x5 ﬂr!':.xr!:]
=llxpnxplly » feX, If....fll =0
ﬁ{:rj_] ﬁ!{xij

= s leG) - £(xy)

ik e fall =0 .
o Ifis e ol

= g x gl = N x|l

This completes the proof.
PROPOSITION 2.6. On a linear space X, the n-norms Il... ..... Iy and II.. ..... Il are identical.

Proof: Let]l.......|l" be an n-norm defined on X . Then,

filxs) = files)

5 "x]_.l e .lxr!"il

lxg, s xglly = Sup : : :
fieX b =2 |f (2, ) = fi(x,)
and
A - Az
Iy xy = Sup : N
fieki b5t f (2} o ful2g)

Clearly, llx ...z lly = iy 2yl
Conversely, define
fi

0 < lf Rl =1

g =T
A
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fi :
= ;,’r” =lfy . fll.

Now,

AGD - falx)
flra) = falea)

vgy(x) v vgn(x)

?gl.ixn] V.gn;ixn]
81':_1'1] gnl[_xj_]

n

=Y

Qli.xr:] ™t fn {.xr:]
.9‘1.':_-"'1] Gn |;x1_]
= : 1 :

(+0< yp" £ 1)

,g,_l:-'fn] Qn{xn]
gi(x) o gnlxy)

= Sup : :
FieX N ggomgnll =1 g (xn) o galxg)
=lxysrally ¥ fr € X, 0 I fill = 1

fl':xj.] ﬁ!{xlj
= 5 : " = llxps e xylly

- up
FisX  fpcmfn st

ﬁ{xr'] ﬁ'{xr']
= gl = g Ml

This completes the proof.
Cor. On a linear space X with its dual X" and dim X = n where n is a positive integer, the n-norms

o g s dlzand L. ... Dl are identical.

PROPOSITION 2.8 Let X be a real vector space with dim X = n where n is a positive integer and X" be its dual. Also, let
(X .1y and (X II. ..... I} be respectively a normed space and an n-normed space. Then the following the n-norms defined

on X:

filed) = falx)

filxn)  fulxg)
Ty xplf= Su
i el fJ-sx-_“i”ﬂ, FA AR A
and

Al = falx)

lxy,o,xplly, = Sup filxn) = faixa)

fiexlfomglzo U fill

are identical.
Proof: Define

llg g |
9 =%J"ﬂ“.uﬁ," =10
A
llg;ll£ |
=—— "= lIf...£l
¥
Then, .
" gw_”hJﬁ g £ |
B y Ty |
ll gy gy Il — gy I |
= = —Ify. .. £,
= llg Mgy . llg,
Now,
Y81 ¥ Gn
A -~ RG] [Tgl T 7 T 1Y
ﬂ{xn] ﬁ:(xn] E Yin
gl &7 7 g O
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" 31{_‘1-1:] "t n ';-rl:]
"31_" "J_?: I... "J_?r' I g (xn) o galzy)
T R EACH RN
"31_" "J_?: I... "J_?r' I g (xn) o galzy)

A - fulrs)

) v filrg) . 905 ga(x)
=7 i oo : (2.8.1)
o fl Tog gl |, (o o o
G(r) - o)
Gy (xn) - gn(xn)
s P[P P PN

flx) = falxs)
fln)  fon)

= ; = lxy, e, 2, I¥ % fieX with Ify. .. £l =0
A peer X f; firefo
filzd) o fulxd)
= Sup filen) -~ ﬁ!.{xﬂ] < llxg, s x 1%
Fiex M fa ol =0 If. ... Il
= "-r]_.l“-.l-rﬂllc :_: "J:l_...._._rn"H, {2,8,2:]

Again taking on left side of (2.8.1) over all fi= with ||, ... £, I = 0, we have
Alx) o falxy)

S TCH R 1 :
feringre ool lg: Mgz gy |

&1 ':_-1'1] On '::_xl:]

31(_—1'1:] Gn ';xj.]

HL{:’CH:] En':.xn:]

1
=2 lxpunxyll; =

ceX with |lg:ll # 0
22 Tgalligz 1 - gy v gjeX with [|g |

El{xﬂ:] Hn{xn:]
= "-1'1.----.--1'ﬂ"r;2 "-r]_.-“-.l-rﬂ"H {2-8‘-3:]
From (2.8.2) and (2.8.3}, the conclusion follows. This completes the proof.

3. CONCLUSION
The above n-norms and equalities will be helpful in the study of n-linear functional, n-linear operators and other related
fields.
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