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1. INTRODUCTION AND PRELIMINARIES 

Let     be a real linear space of dimension greater than  and  be a real valued function on  satisfying the 

following conditions: 

 (2 )   iff  and  are linearly dependent. 

 (2 )  . 

 (2 )     ⩝   and . 

 (2 )     ⩝  . 

Then,  is called a 2-norm on  and  is called a linear 2-normed space. 2-norms are non-negative and  

for every   and . 

The concept of 2 -normed spaces was initially investigated and developed by S.Gähler in 1960s and has been extensively 

developed by Y.J. Cho, C. Diminnie,  S.Gähler, A. White and many others [1,2,3,4,8,12]. 

Let     be a real vector space with dim   where   is a positive integer. A real valued function :  is 

called an -norm on  if the following conditions hold: 

(1)    iff  are linearly dependent.  

(2)   remains invariant under permutations of .  

(3)    and .  

(4) .  

The pair  is called an -normed space. 

Let  be a real vector space with dim  and be equipped with an inner product . Then the standard -norm on  is 

given by . 

Note that the value of  represents the volume of -dimensional parallelepiped spanned by . 

A standard example of -normed space is  equipped with the Euclidean -norm: 

 
where  for each . 

                                                                         

If  is an -normed space with dual , the following formula formulated by Gähler [2] 

 
defines an -norm on . 

Let  be a Hilbert space with dual . Then Gähler’s -norm on  becomes 

 
Also the function 
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defines an -norm on a Hilbert space . If  is a seperable Hilbert space and  is a complete orthonormal set in , 

we can define an -norm on  as  

 
where  

 

Further, the function 

 
defines an -norm on a Hilbert space   and the function 

 
defines an -norm on a normed space   with dual  [9]. If  is a Hilbert space,  becomes  

 
The function  

 
defines an -norm on a Hilbert space   and the function 

 
defines an -norm on a normed space   with dual . On a Hilbert space  with dual ,  becomes 

 
Then,  and  are identical on a Hilbert space 

[11]. 

Let   be an -normed space. The following real valued functions on  where  dual of  : 

 
 

 

 
defines  -norms on  and are identical [9,11]. 

 

2. MAIN RESULTS 

Let  be a linear space with dim  where  is a positive integer and  be an -norm defined on its dual . 
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PROPOSITION 2.1.      The function  given by  

 
defines an -norm defined on . 

Proof:   (i)     are linearly dependent. 

    Rows of   are linearly dependent. 

  . 

(ii)  remains invariant under the permutations of     . 

 
 

(iii) For , 

 

 

 

 
(iv) For , 

 

 

 
Therefore,  This completes the proof. 

PROPOSITION 2.2.    The function   given by  

 
defines an -norm on   . 

 

PROPOSITION 2.3.   The function   given by  

 
defines an -norm on   . 

THEOREM 2.4.  If the dual  of a linear space  is an -normed space, then the linear space  is also an -normed space. 

Remark: the -norm of the dual space   always induces an an -norm on . 
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PROPOSITION 2.5. On a linear space  with its dual and dim  where  is a positive integer, the -norms  

and  are identical. 

Proof: Let  be an -norm defined on . Then  

 
and  

 
Clearly,  

Conversely, define  

 

 
Clearly,   for each  and    

Now, 

 

 

 

 

 

 

 
This completes the proof. 

PROPOSITION 2.6. On a linear space , the -norms  and  are identical. 

Proof:     Let  be an -norm defined on . Then, 

 
and 

 
Clearly,  

Conversely, define  
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Now, 

 

 

 

 

 

 

 
This completes the proof. 

Cor. On a linear space  with its dual    and dim  where  is a positive integer, the -norms  

and  are identical. 

PROPOSITION 2.8 Let  be a real vector space with dim  where  is a positive integer and    be its dual. Also, let 

 and  be respectively a normed space and an -normed space. Then the following the -norms defined 

on : 

 
and 

 
are identical. 

Proof: Define 

 

 
Then,       

 

 

 
Now, 
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Again taking on left side of  over all  with , we have 

 

 

 
From  and , the conclusion follows. This completes the proof. 

 

3. CONCLUSION 

The above n-norms and equalities will be helpful in the study of n-linear functional, n-linear operators and other related 

fields. 
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